LECTURE VII.
nent ; and the rate of increase of a power is, for sufficiently large values of p, always smaller than that of the factorial which occurs in the denominator.
The proof of the impossibility of equation (2) proceeds on precisely analogous lines. Instead of the integral J we have now to use the integral
the /3's being the roots of the algebraic equation
This integral is decomposed as follows :
r°= r*
Jo        Jo
where  of course  the path  of integration  must  be  properly
determined for complex values of /3.    For the details I must
refer you to Hilbert's paper.
Assuming the impossibility of equation (2), the transcendency
of TT follows easily from the following considerations, originally
given by Lindemann. We notice first, as a consequence of our theorem, that, with the exception of the point x=o, y= I, the exponential curve y = e* has no algebraic
____x_     point, i.e. no point both of whose
co-ordinates are algebraic numbers. In other words, however densely the plane may be covered
Fig. 12.
with algebraic points, the exponential curve (Fig. 12) manages to pass along the plane without meeting them, the single point (o, i) excepted. This curious result can be deduced as follows from the impossibility of equation (2). Let^ be any algebraic For by the theorem of mean values (Mittelwertsatz) the integrals can be replaced by powers of constant quantities with p in the expo-integral suggested by the Investigation, of Hermit e, viz. the integral
